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This paper studies the internal crack problem located within one functionally graded piezoelectric strip. One crack is
normal to the edge of the strip and the material properties vary along the direction of crack length. Three diﬀerent
boundary conditions and both impermeable and permeable cases are discussed. The problem can be reduced to a system
of singular integral equations and solved by using the Gauss–Chebyshev formulas. The results show that the edge
boundary conditions and the nonhomogeneous parameter signiﬁcantly control the magnitudes of stress and electric dis-
placement intensity factors.
 2005 Elsevier Ltd. All rights reserved.
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Piezoelectric materials have been widely used as a smart material in electromechanical devices due to the
demand of transform from mechanical to electrical loadings, and vice versa. To get rid of the possible inter-
face failure, the functionally graded piezoelectric materials (FGPM) have been introduced to reduce the
stress concentration at the interface.
Recently, some researchers have investigated the fracture behavior of a crack in FGPM. The material
properties may vary along the crack line or normal to the crack surface. Wang and Node (2001) ﬁrstly stud-
ied the thermopiezoelectric fracture problem of a functionally graded piezoelectric layer bonded to a metal.
They obtained the thermal ﬂow, stress and electric displacement intensity factors and predict the direction
of crack extension by using the energy density theory. Li and Weng (2002) solved the problem of a FGPM0020-7683/$ - see front matter  2005 Elsevier Ltd. All rights reserved.
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the dielectric permittivity vary continuously along the thickness. It is found that the singular behaviors of
both stress and electric displacement are the same as those in a homogeneous piezoelectric material. In this
crack problem, an increase in the gradient of the material properties will reduce the magnitude of the inten-
sity factors. Jin and Zhong (2002) studied the problem of a moving mode-III permeable crack in FGPM.
Wang (2003) considered the mode III crack problem in FGPM in which the material properties are as-
sumed in a class of functional form such that an analytical solution is possible. Kwon and Lee (2003) stud-
ied the problem of a ﬁnite crack propagating at constant speed in a functionally graded piezoelectric strip
bonded to a homogeneous piezoelectric strip. Jin et al. (2003) solved the propagation problem of an anti-
plane moving crack in a function graded piezoelectric strip. Chen et al. (2003a) studied the dynamics re-
sponse of a crack in a functionally graded interface of two dissimilar piezoelectric half-planes. They found
that the presence of the dynamic electric ﬁeld could impede or enhance the crack propagation depending on
the time elapsed and the direction of the applied electric impact. All of the above researches assumed that
the material properties vary in the direction normal to the crack line.
Chen et al. (2003b) assumed the material properties to vary continuously along the crack direction. They
obtained the mode-I transient response of a FGPM containing a through crack under the in-plane mechan-
ical and electrical impact. Later, Ueda (2003) solved the anti-plane problem of a crack in a functionally
graded piezoelectric strip bonded to two elastic surface layers. Chen et al. (2004) obtained the transient re-
sponse of an inﬁnite functionally graded piezoelectric medium containing a through crack under the mixed-
mode in-plane mechanical and electrical load. Chue and Ou (2005) studied the problem of a crack in one of
two bonded functionally graded piezoelectric half-planes. Several degenerated sub-problems are also con-
sidered to discuss the eﬀects of the nonhomogeneous parameters and crack locations on the stress and elec-
tric displacement intensity factors.
In this paper, the permeable and impermeable crack problems in a functionally graded piezoelectric strip
are considered. The crack is normal to the edges of strip. The material properties are assumed in an expo-
nential form and vary along the crack line. Integral transform techniques are used to obtain a system of
singular integral equations, which are then solved by employing the Gauss–Chebyshev integration formula.
The stress and electrical displacement intensity factors are computed under three diﬀerent mechanical and
electrical boundary conditions. Several simpliﬁed cases are also discussed.2. Formulation of the problem
Consider a functionally graded piezoelectric strip containing an eccentric crack normal to the edge
(Fig. 1). The width of the strip is h and the crack with crack length 2a0 is centered at x = c. The material
properties of FGPM vary continuously along x-direction in exponential form The FGPM is polarized nor-
mal to the x–y plane. When the strip is subjected to antiplane mechanical and inplane electrical loads, the
crack problem involves the antiplane elastic ﬁeld coupled (w,sxz,syz) with the inplane electric ﬁeld (/
,Dx,Dy). The constitutive and equilibrium equations are as follows:sxz ¼ c0ebx owox þ e0e
bx o/
ox
ð1aÞ
syz ¼ c0ebx owoy þ e0e
bx o/
oy
ð1bÞ
Dx ¼ e0ebx owox  e0e
bx o/
ox
ð1cÞ
Dy ¼ e0ebx owoy  e0e
bx o/
oy
ð1dÞ
Fig. 1. Conﬁguration of a FGPM strip containing an eccentric crack.
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ox
þ osyz
oy
¼ 0 ð2aÞ
oDx
ox
þ oDy
oy
¼ 0 ð2bÞ
where c0, e0 and e0 are the shear modulus, the piezoelectric constant and the dielectric constants deﬁned at the
boundary x = 0, respectively. The parameter b is called the nonmohomogeneous parameter of the FGPM.
Substituting Eqs. (1) into Eqs. (2), the equilibrium equations can be rewritten asc0
o2W
ox2
þ o
2W
oy2
 
þ e0 o
2/
ox2
þ o
2/
oy2
 
þ b c0 oWox þ e0
o/
ox
 
¼ 0
e0
o2W
ox2
þ o
2W
oy2
 
 e0 o
2/
ox2
þ o
2/
oy2
 
þ bðe0 owox  e0
o/
ox
Þ ¼ 0 ð3ÞThe solutions of Eq. (3) are as follows:W ðx; yÞ ¼ 1
2p
Z 1
1
f1ða; yÞeiax daþ 2p
Z 1
0
g1ðx; aÞ sinðayÞda
/ðx; yÞ ¼ e0
e0
wðx; yÞ þ 1
2p
Z 1
1
f2ða; yÞeiax daþ 2p
Z 1
0
g2ðx; aÞ sinðayÞda
ð4ÞIf the problem is symmetric with respect to the x-axis, we only consider the upper-half plane, i.e., y > 0.
In addition, we assume that the displacement and electric potential vanish as y approaches inﬁnity. The
unknown functions of Eq. (4) may be expressed asf1ða; yÞ ¼ A1ðaÞemy
f2ða; yÞ ¼ B1ðaÞemy
g1ðx; aÞ ¼ C1ðaÞep1x þ C2ðaÞep2x
g2ðx; aÞ ¼ D1ðaÞep1x þ D2ðaÞep2x
ð5Þ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃq
where m ¼ 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
a2 þ iab
p
; p1 ¼ b=2 a1; p2 ¼ b=2þ a1; a1 ¼ a2 þ b2=4.
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mechanical and electrical loads are exerted on the crack surfaces. Two types of boundary conditions as-
signed at the strip edges are considered. Type A represents that the surface is clamped/electrically closed
whereas Type B is traction-free/electrically opened. In the following formulations, we derive the stress
and electric displacement intensity factors for impermeable crack problem and permeable crack problem
when the conditions at the boundary surfaces (x = 0 and x = h) are A–A, B–A, and B–B respectively.3. Impermeable crack problem
For impermeable crack problem, the conditions on the line y = 0 arewðx; 0Þ ¼ 0 for 05x < a and b < x < h ð6aÞ
/ðx; 0Þ ¼ 0 for 05x < a and b < x < h ð6bÞ
syzðx; 0Þ ¼ sðxÞa5x5b ð6cÞ
Dyðx; 0Þ ¼ DðxÞfor a5x5b ð6dÞwhere s(x) and D(x) are the shear stress and electric displacement applied on the crack surface, respectively.
3.1. Case 1: A–A boundary condition
In this case, both surfaces of the strip are clamped/electrically closed. The required conditions are as
follows:wð0; yÞ ¼ 0 ð7aÞ
/ð0; yÞ ¼ 0 ð7bÞ
wðh; yÞ ¼ 0 ð7cÞ
/ðh; yÞ ¼ 0 ð7dÞUsing Eqs. (4) and (3) and conditions Eqs. (7a–d), we obtain the following relations after performing the
inverse Fourier Transform:C1ðaÞ þ C2ðaÞ ¼ R1ðaÞ
e0
e0
C1ðaÞ þ C2ðaÞ½  þ D1ðaÞ þ D2ðaÞ ¼ R2ðaÞ
C1ðaÞep1h þ C2ðaÞep2h ¼ R3ðaÞ
e0
e0
C1ðaÞep1h þ C2ðaÞep2h
 þ D1ðaÞep1h þ D2ðaÞep2h ¼ R4ðaÞ
8>>>><
>>>>:
ð8Þwhere Ri(a), (i = 1–4) are given in Appendix A. Deﬁne two unknown discontinuous functions asg1ðxÞ ¼
o
ox
wðx; 0Þ; g2ðxÞ ¼
o
ox
/ðx; 0Þ ð9Þwhich satisfy the conditions:Z b
a
g1ðtÞdt ¼
Z b
a
g2ðtÞdt ¼ 0 ð10Þ
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Z b
a
g1ðtÞeiat dt ð11aÞ
B1ðaÞ ¼ ia
Z b
a
g2ðtÞeiat dt 
e0
e0
i
a
Z b
a
g1ðtÞeiat dt ð11bÞBy using the residue theorem, we obtained:C1ðaÞ ¼ a
4a1 sinhða1hÞ
Z b
a
g1ðtÞe
b
2t
1
p1
ea1ðhtÞ  1
p2
ea1ðhtÞ
 
dt ð12aÞ
C2ðaÞ ¼ a
4a1 sinhða1hÞ
Z b
a
g1ðtÞe
b
2t
1
p2
ea1ðhþtÞ  1
p1
ea1ðhtÞ
 
dt ð12bÞ
D1ðaÞ ¼ e0e0
a
4az sinhða1hÞ
Z b
a
g1ðtÞe
b
2t
1
p2
ea1ðhtÞ  1
p1
ea1ðhtÞ
 
dt
þ a
4a1 sinhða1hÞ
Z b
a
g2ðtÞe
b
2t
1
p1
ea1ðhtÞ  1
p2
ea1ðhtÞ
 
dt ð12cÞ
D2ðaÞ ¼ e0e0
a
4a1 sinhða1hÞ
Z b
a
g1ðtÞe
b
2t
1
p1
ea1ðhtÞ  1
p2
ea1ðhþtÞ
 
dt
þ a
4a1 sinhða1hÞ
Z b
a
g2ðtÞe
b
2t
1
p2
ea1ðhþtÞ  1
p1
ea1ðhtÞ
 
dt ð12dÞAfter lengthy mathematical derivations, the mechanical and electrical tractions acted on the crack sur-
face can be written assyzðx; 0Þ ¼ sðxÞ ¼c0ebx 1p
Z b
a
k1ðx; tÞ þ k2ðx; tÞ þ k3ðx; tÞ½ g1ðtÞdt
þ e0ebx 1p
Z b
a
k1ðx; tÞ þ k2ðx; tÞ þ k3ðx; tÞ½ g2ðtÞdt ð13Þ
Dyðx; 0Þ ¼ DðxÞ ¼e0ebx 1p
Z b
a
k1ðx; tÞ þ k2ðx; tÞ þ k3ðx; tÞ½ g1ðtÞdt
 e0ebx 1p
Z b
a
k1ðx; tÞ þ k2ðx; tÞ þ k3ðx; tÞ½ g2ðtÞdt ð14Þwherek1ðx; tÞ ¼ i
2
Z 1
1
m
a
eiaðtxÞ da ð15aÞ
k2ðx; tÞ ¼ e
bðtxÞ
2
Z 1
0
a2
p1a1
sinhða1xÞ
sinhða1hÞ e
a1ðhtÞ da ð15bÞ
k3ðx; tÞ ¼ e
bðtxÞ
2
Z 1
0
a2
p2a1
sinhða1ðh xÞÞ
sinhða1hÞ e
a1t da ð15cÞ
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follows:k1ðx; tÞ ¼ 1t  xþ h1ðx; tÞ ð16aÞ
k2ðx; tÞ ¼ e
b
2ðtxÞ 1
2h t  xþ
Z 1
0
a2
p1a1
sinhða1xÞ
sinhða1hÞ e
a1ðhtÞ  eað2htxÞ
 
da
	 

ð16bÞ
k3ðx; tÞ ¼ e
b
2ðtxÞ 1
t þ xþ
Z 1
0
a2
p2a1
sinhða1ðh xÞÞ
sinhða1hÞ e
a1t þ eaðtþxÞ
 
da
	 

ð16cÞwhereh1ðx; tÞ ¼ Im
Z 1
0
ð
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1þ ib
a
 1ÞeiaðtxÞ da
r( )
ð17Þwhich is a bounded function. Therefore, Eqs. (13) and (14) can be rewritten assyzðx; 0Þ ¼ sðxÞ ¼c0ebx 1p
Z b
a
1
t  xþ h1ðx; tÞ þ k2ðx; tÞ þ k3ðx; tÞ
 
g1ðtÞdt
þ e0ebx 1p
Z b
a
1
t  xþ h1ðx; tÞ þ k2ðx; tÞ þ k3ðx; tÞ
 
g2ðtÞdt ð18aÞ
Dyðx; 0Þ ¼ DðxÞ ¼e0ebx 1p
Z b
a
1
t  xþ h1ðx; tÞ þ k2ðx; tÞ þ k3ðx; tÞ
 
g1ðtÞdt
 e0ebx 1p
Z b
a
1
t  xþ h1ðx; tÞ þ k2ðx; tÞ þ k3ðx; tÞ
 
g2ðtÞdt ð18bÞConsider a simpliﬁed problem for a FGPM half plane contains a crack of length 2ao which is bonded to
a rigid surface at x = 0. The solution can be obtained directly by setting h!1 in both Eqs. (16b) and
(16c). They arek2ðx; tÞ ¼ 0 ð19aÞ
k3ðx; tÞ ¼ e
bðtxÞ
2
Z 1
0
a2
a1ða1  b=2Þ e
a1ðtþxÞ da ð19bÞThese results are exactly the same as those of one degenerated case in Chue and Ou (2005).3.2. Case 2: B–A boundary condition
In this case, we assume that the two surfaces at x = 0 and x = h are traction-free/electrically opened and
clamped/electrically closed, respectively. The required conditions are as follows:syzð0; yÞ ¼ 0 ð20aÞ
Dyð0; yÞ ¼ 0 ð20bÞ
wðh; yÞ ¼ 0 ð20cÞ
/ðh; yÞ ¼ 0 ð20dÞ
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2
0
e0
 
p1C1ðaÞ þ p2C2ðaÞ½  þ e0 p1D1ðaÞ þ p2D2ðaÞ½  ¼ R5ðaÞ
 e0 p1D1ðaÞ þ p2D2ðaÞ½  ¼ R6ðaÞ
C1ðaÞep1h þ C2ðaÞep2h ¼ R7ðaÞ
e0
e0
C1ðaÞep1h þ C2ðaÞep2h
 þ D1ðaÞep1h þ D2ðaÞep2h ¼ R8ðaÞ
ð21Þwhere Ri(a), (i = 5–8) are given in Appendix A. The four unknowns can also be solved by using the deﬁned
functions (11a) and (11b). They areC1ðaÞ ¼ a
2p1a1
1
p2ep1h  p1ep2h
Z b
a
g1ðtÞe
b
2ðhtÞðp1ea1ðhtÞ  p2ea1ðhtÞÞdt ð22aÞ
C2ðaÞ ¼ aa1
ep1h
p2ep1h  p1ep2h
Z b
a
g1ðtÞe
b
2t sinhða1tÞdt ð22bÞ
D1ðaÞ ¼ e0e0
a
2p1a1ðp2ep1h  p1ep2hÞ
Z b
a
g1ðtÞe
b
2ðhtÞðp2ea1ðhtÞ  p1ea1ðhtÞÞdt
þ a
2p1a1ðp2ep1h  p1ep2hÞ
Z b
a
g2ðtÞe
b
2ðhtÞðp1ea1ðhtÞ  p2ea1ðhtÞÞdt ð22cÞ
D2ðaÞ ¼ e0e0
aep1h
a1ðp2ep1h  p1ep2hÞ
Z b
a
g1ðtÞe
b
2t sinhða1tÞdt
þ ae
p1h
a1ðp2ep1h  p1ep2hÞ
Z b
a
g2ðtÞe
b
2t sinhða1tÞdt ð22dÞThe mechanical and electrical tractions acted on the crack surface can also be expressed as in Eqs. (13)
and (14), and the kernel k1(x, t) is the same as that of Case 1. The kernel k2(x, t) and k3(x, t) arek2ðx; tÞ ¼ e
bðtxÞ
2
Z 1
0
a2
a1
1
p2ep1h  p1ep2h
e
b
2hðea1ðhtxÞ þ ea1ðhtxÞÞda ð23aÞ
k3ðx; tÞ ¼ e
bðtxÞ
2
Z 1
0
a2
p1a1
ep1h
p2ep1h  p1ep2h
ðp2ea1ðtxÞ þ p1ea1ðtxÞÞda ð23bÞSeparating the asymptotic term of Eqs. (23a) and (23b) when a approaches inﬁnity, they can be ex-
pressed as follows:k2ðx; tÞ¼ e
bðtxÞ
2
(
1
tþ xþ
1
2h t x
þ
Z 1
0
a2
a1
e
b
2h
p2ep1hp1ep2h
ðea1ðhtxÞ þ eaðhtxÞÞ eaðtþxÞ  eað2htxÞ
 !
da
)
ð24aÞ
k3ðx; tÞ¼ e
bðtxÞ
2
1
2h tþ x
1
2hþ t x
	
þ
Z 1
0
a2
p1a1
ep1h
p2ep1hp1ep2h
ðp2ea1ðtxÞ þp1eaðtxÞÞ eað2htþxÞ þ eað2hþtxÞ
 
da


ð24bÞThus we can also obtain the same form as Eqs. (18a) and (18b) with kernels (24a) and (24b). Similarly,
consider a simpliﬁed problem for a FGPM half plane contains a crack of length 2ao normal to a free surface
at x = 0. The solution can also be obtained by setting h!1 in Eqs. (23a) and (23b). The results are
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bðtxÞ
2
Z 1
0
a2
a1ða1 þ b=2Þ e
a1ðtþxÞ da ð25aÞ
k3ðx; tÞ ¼ 0 ð25bÞ
These results are also completely the same as those of one degenerated case in Chue and Ou (2005).
3.3. Case 3: B–B Boundary condition
In this case, the two surfaces at x = 0 and x = h are assumed to be traction-free/electrically opened. The
required conditions here are as follows:sxzð0; yÞ ¼ 0 ð26aÞ
Dxð0; yÞ ¼ 0 ð26bÞ
sxzðh; yÞ ¼ 0 ð26cÞ
Dxðh; yÞ ¼ 0 ð26dÞFollowing the same procedure as stated above, the following relations can also obtainedc0 þ e
2
0
e0
 
p1C1ðaÞ þ p2C2ðaÞ½  þ e0 p1D1ðaÞ þ p2D2ðaÞ½  ¼ R9ðaÞ
 e0 p1D1ðaÞ þ p2D2ðaÞ½  ¼ R10ðaÞ
c0 þ e
2
0
e0
 
p1C1ðaÞep1h þ p2C2ðaÞep2h
 þ e0 p1D1ðaÞep1h þ p2D2ðaÞep2h  ¼ R11ðaÞ
 e0 p1D1ðaÞep1h þ p2D2ðaÞep2h
  ¼ R12ðaÞ
ð27Þwhere Ri(a), (i = 9–12) are given in Appendix A. Similar to previous cases, we get:C1ðaÞ ¼ a
2p1a1 sinhða1hÞ
Z b
a
g1ðtÞe
b
2t sinhða1ðh tÞÞdt ð28aÞ
C2ðaÞ ¼ ae
a1h
2p2a1 sinhða1hÞ
Z b
a
g1ðtÞe
b
2t sinhða1tÞdt ð28bÞ
D1ðaÞ ¼ e0e0
a
2p1a1 sinhða1hÞ
Z b
a
g1ðtÞe
b
2t sinhða1ðh tÞÞdt
 a
2p1a1 sinhða1hÞ
Z b
a
g2ðtÞe
b
2t sinhða1ðh tÞÞdt ð28cÞ
D2ðaÞ ¼ e0e0
aea1h
2p2a1 sinhða1hÞ
Z b
a
g1ðtÞe
b
2t sinhða1tÞdt
 ae
a1h
2p2a1 sinhða1hÞ
Z b
a
g2ðtÞe
b
2t sinhða1tÞdt ð28dÞSimilarly, the mechanical and electrical tractions acted on the crack surface can also be expressed as in
Eqs. (13) and (14) with the same kernel k1(x, t) as Case 1. However, the kernel k2(x, t) and k3(x, t) here arek2ðx; tÞ ¼ e
bðtxÞ
2
Z 1
0
a2
p1a1
sinhða1ðh tÞÞ
sinhða1hÞ e
a1x da ð29aÞ
k3ðx; tÞ ¼ e
bðtxÞ
2
Z 1
0
a2
p2a1
sinhða1tÞ
sinhða1hÞ e
a1ðhxÞ da ð29bÞ
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approaches inﬁnity.k2ðx; tÞ ¼ e
b
2ðtxÞ 1
t þ xþ
Z 1
0
a2
p1a1
sinhða1ðh tÞÞ
sinhða1hÞ e
a1x  eaðtþxÞ
 
da
	 

ð30aÞ
k3ðx; tÞ ¼ e
b
2ðtxÞ 1
2h t  xþ
Z 1
0
a2
p2a1
sinhða1tÞ
sinhða1hÞ e
a1ðhxÞ þ eað2htxÞ
 
da
	 

ð30bÞThe same form as Eqs. (18a) and (18b) with kernels (30a) and (30b) can also be obtained. Ueda (2003)
had already solved the problem of a crack in functionally graded piezoelectric strip bonded to two elastic
layers. When we let the parameters h1, h2, l1 and l2 within Ueda (2003) equal to zero and through some
lengthy manipulations, the integral Eqs. (31) and (32) in that paper can be reduced to the same as Eqs. (18a)
and (18b) together with kernels (17), (30a) and (30b) here.
Also, if the width h of the strip approaches inﬁnity, we obtain same expressions of Eqs. (25a) and (25b)
for k2(x, t) and k3(x, t).4. A degenerated example: a crack in a functionally graded piezoelectric medium
Cases 1–3 can be degenerated to a problem of a crack existed in a FGPM medium. Take Case 1 as an
example. For convenience, the x–y coordinate system is shifted to a new x 0–y 0 coordinate system shown in
Fig. 1. The boundary conditions in new coordinate system becomewðc; y 0Þ ¼ 0 ð31aÞ
/ðc; y 0Þ ¼ 0 ð31bÞ
wðd; y0Þ ¼ 0 ð31cÞ
/ðd; y0Þ ¼ 0 ð31dÞFollowing same derivation procedures, we haveC1ðaÞ ¼ a
2a1ðep1ðcþdÞ  ep2ðcþdÞÞ
ep1cþp2d
p2
Z b
a
g1ðtÞep2t dt 
ep1ðcþdÞ
p1
Z b
a
g1ðtÞep1t dt
 
ð32aÞ
C2ðaÞ ¼ a
2a1ðep2ðcþdÞ  ep1ðcþdÞÞ
ep1ðcþdÞ
p2
Z b
a
g1ðtÞep2t dt 
ep2cþp1d
p1
Z b
a
g1ðtÞep1t dt
 
ð32bÞ
D1ðaÞ ¼ a
2p2a1ðep1ðcþdÞ  ep2ðcþdÞÞ
 e0
e0
ep1cþp2d
Z b
a
g1ðtÞep2t dt þ ep1cþp2d
Z b
a
g2ðtÞep2t dt
 
þ a
2p1a1ðep1ðcþdÞ  ep2ðcþdÞÞ
e0
e0
ep1ðcþdÞ
Z b
a
g1ðtÞep1t dt  ep1ðcþdÞ
Z b
a
g2ðtÞep1t dt
 
ð32cÞ
D2ðaÞ ¼ a
2p2a1ðep1ðcþdÞ  ep2ðcþdÞÞ
e0
e0
ep1ðcþdÞ
Z b
a
g1ðtÞep2t dt  ep1ðcþdÞ
Z b
a
g2ðtÞep2t dt
 
 a
2p1a1ðep1ðcþdÞ  ep2ðcþdÞÞ
e0
e0
ep2cþp1d
Z b
a
g1ðtÞep1t dt  ep2cþp1d
Z b
a
g2ðtÞep1t dt
 
ð32dÞIf the two boundary are moved to inﬁnity, that is, c!1 and d!1, the four functions C1(a), C2(a),
D1(a) and D2(a) become zero. Therefore the kernels k2(x, t) and k3(x, t) in Eqs. (18a) and (18b) also disap-
pear. It is clear that the existence of k2(x, t) and k3(x, t) come from the eﬀects of the boundary surfaces on
the crack. Similar conclusion can be made for Cases 2 and 3.
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The solutions of the singular integral equations Eqs. (18a) and (18b) with the Cauchy type kernel have
the standard formgiðtÞ ¼
GiðtÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðt  aÞðb tÞp ; i ¼ 1; 2 ð33Þwhere Gi(t) are bounded functions. By using the known formula of singular integral equation (Muskhhe-
lishvili, 1953) as1
p
Z b
a
giðtÞ
t  x dt ¼
GiðaÞe12piﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b ap ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃx ap  GiðbÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃb ap ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃx bp þ other terms; i ¼ 1; 2 ð34ÞThus the stress and electric displacement intensity factors at crack tips can be obtained as follows:k3ðbÞ ¼ lim
x!bþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðx bÞ
p
syzðx; 0Þ ¼ cðbÞ G1ðbÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðb aÞp =2 eðbÞ
G2ðbÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðb aÞp =2 ð35aÞ
k3ðaÞ ¼ lim
x!a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ða xÞ
p
syzðx; 0Þ ¼ cðaÞ G1ðaÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðb aÞp =2þ eðaÞ
G2ðaÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðb aÞp =2 ð35bÞ
kD3 ðbÞ ¼ lim
x!bþ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ðx bÞ
p
Dyðx; 0Þ ¼ eðbÞ G1ðbÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðb aÞp =2þ eðbÞ
G2ðbÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðb aÞp =2 ð35cÞ
kD3 ðaÞ ¼ limx!a
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2ða xÞ
p
Dyðx; 0Þ ¼ eðaÞ G1ðaÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðb aÞp =2 eðaÞ
G2ðaÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðb aÞp =2 ð35dÞ
The functions Gi(a) and Gi(b) can be computed speciﬁcally by normalizing the parameters of the integral
equations asx ¼ x c
a0
; t ¼ t  c
a0
; h ¼ h c
a0
ð36ÞThe single-valued conditions Eq. (10) becomeZ 1
1
f1ðtÞdt ¼
Z 1
1
f2ðtÞdt ¼ 0 ð37ÞAfter employing Gauss–Chebyshev integration formula (Erdogan et al., 1973), Eq. (35) can be rewritten
asfiðtÞ ¼ F ið
tÞﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃð1þtÞð1tÞp ; i ¼ 1; 2 ð38Þwhere fiðtÞ and F iðtÞ are related to giðtÞ and GiðtÞ in Eqs. (34) and (38), respectively. By using Chebyshev
polynomials, the stress and electric displacement intensity factors can be rewritten ask3ðbÞ ¼ c0ebb ﬃﬃﬃﬃa0p F 1ð1Þ  e0ebb ﬃﬃﬃﬃa0p F 2ð1Þ ð39aÞ
k3ðaÞ ¼ c0eba ﬃﬃﬃﬃa0p F 1ð1Þ þ e0eba ﬃﬃﬃﬃa0p F 2ð1Þ ð39bÞ
kD3 ðbÞ ¼ e0ebb
ﬃﬃﬃﬃ
a0
p
F 1ð1Þ þ e0ebb ﬃﬃﬃﬃa0p F 2ð1Þ ð39cÞ
kD3 ðaÞ ¼ e0eba
ﬃﬃﬃﬃ
a0
p
F 1ð1Þ  e0eba ﬃﬃﬃﬃa0p F 2ð1Þ ð39dÞ
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by using the values of Fi at nodes 2, 3, 4 and n  1, n  2, n  3 respectively. Here n is the number of col-
location points along crack line.6. Permeable crack problem
For the permeable crack problem, the electric ﬁeld is continuous across the crack surface. The conditions
(6b) and (6d) on the line y = 0 for impermeable crack of previous section should be replaced by the follow-
ing two conditions:/ðx; 0Þ ¼ 0 for 05x5h ð40aÞ
Dyðx; 0Þ ¼ Dcðx; 0Þ ¼ DðxÞ for a5x5b ð40bÞwhere Dc(x, 0) denotes the electric displacement of the spaces of the crack itself. For this type of condition,
only one function g1(x) is needed for antiplane displacement. Following similar procedures of previous sec-
tion, the stress and electric displacement on the crack surface aresyzðx; 0Þ ¼ sðxÞ ¼ c0ebx 1p
Z b
a
1
t  xþ h1ðx; tÞ þ k2ðx; tÞ þ k3ðx; tÞ
 
g1ðtÞdt ð41aÞ
Dyðx; 0Þ ¼ e0ebx 1p
Z b
a
1
t  xþ h1ðx; tÞ þ k2ðx; tÞ þ k3ðx; tÞ
 
g1ðtÞdt ð41bÞThe functions h1(x, t) and ki(x, t) (i = 2,3) are completely the same as those of Eqs. (17), (16b), (16c),
(24a), (24b), (30a) and (30b) depending on the diﬀerent boundary conditions. The stress intensity factors
and the electric displacement intensity factors are expressed ask3ðbÞ ¼ c0ebb ﬃﬃﬃﬃa0p F 1ð1Þ ð42aÞ
k3ðaÞ ¼ c0eba ﬃﬃﬃﬃa0p F 1ð1Þ ð42bÞ
kD3 ðbÞ ¼ e0ebb
ﬃﬃﬃﬃ
a0
p
F 1ð1Þ ð42cÞ
kD3 ðaÞ ¼ e0eba
ﬃﬃﬃﬃ
a0
p
F 1ð1Þ ð42dÞIt has been proved that the normalized stress intensity factors in permeable crack case are the same as
those in impermeable crack case if the crack problem is symmetric with respect to the crack line (Li and
Duan, 2001). In the following discussion, we only consider the case of impermeable crack.7. Results and discussions
In the following numerical calculations, the material properties of PZT-4 with c0 = 25.6 GPa,
e0 = 12.7 C/m
2, e0=6.46 · 109 C/Vm are used. For convenient discussion, both the stress and electric dis-
placement intensity factors are normalized as follows:ka ¼ k3ðaÞs0 ﬃﬃﬃﬃa0p ¼
kD3 ðaÞ
D0
ﬃﬃﬃﬃ
a0
p ð43aÞ
kb ¼ k3ðbÞs0 ﬃﬃﬃﬃa0p ¼
kD3 ðbÞ
D0
ﬃﬃﬃﬃ
a0
p ð43bÞ
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D0 = 0.002 C/m
2, respectively. The combined eﬀects of boundary conditions, nonhomogeneous parameter
b and geometric conﬁguration on the intensity factors will be discussed separately.
7.1. Eﬀects of crack eccentricity
For three cases of boundary conditions, the variations of normalized intensity factors with c/h at two
crack tips are plotted respectively in Fig. 2(a)–(c) at diﬀerent normalized nonhomogeneous parameter
ba0 when h = 5 cm and a0 = 2/3 cm. The results show that the normalized intensity factors are greater
as the crack tip approaches the traction-free/electrically opened boundary surface than that approaches
the clamped/electrically closed boundary. This is because the crack tips tend to open more easily for the
former boundary conditions. For larger ba0 the factors at the weaker material side (ka) become smaller
and those at the stronger side (kb) become larger. For positive ba0 it shows that kb > ka because of stiﬀer0.15 0.3 0.45 0.6 0.75 0.9
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Fig. 2. Variations of normalized intensity factors at crack tips with c/h (a0 = 2/3 cm, h = 5 cm). (a) Case 1, (b) Case 2 and (c) Case 3.
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aﬀected by the edge condition and nonhomogeneous parameter thus cause acute rise. In conclusion, we
have seen that the edge boundary conditions and the nonhomogeneous parameter signiﬁcantly control
the magnitudes of stress and electric displacement intensity factors.
Consider a special case when ba0 = 0 and c/h = 0.5, which represents a homogeneous strip containing a
center crack. The factors ka and kb are equal as expected.7.2. Eﬀects of crack length
In this section, we study the eﬀects of crack length when the crack is located at the center of the strip. For
h = 5 cm and c = 2.5 cm, Fig. 3(a)–(c) plot the variations of the normalized intensity factors with c/a0 for
three boundary conditions, respectively. Note that the crack length a0 in normalized Eqs. (43a) and (43b) is
a variable here.1 3 5 7 8 9
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Fig. 3. Variations of normalized intensity factors with c/a0 (c = 2.5 cm, h = 5 cm). (a) Case 1, (b) Case 2 and (c) Case 3.
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In the case of homogeneous piezoelectric materials, the trend of variation is similar to the homoge-
neous elastic medium problem. Increasing the crack length will reduce the normalized intensity fac-
tors as the crack tip approaches the clamed/electrically closed edge surface. The opposite trend is
true as the crack tip approaches the traction-free/electrically opened edge surface. Similarly to Section
7.1, these two results are strongly aﬀected by the edge conditions. When the crack length is small
enough, say c/a0 > 5, the normalized factors approach unity. It can be seen as a very short crack
located within a large plane thus the edge eﬀects can almost be ignored.
(b) b > 0: nonhomogeneous piezoelectric material
As it has been mentioned in the Section 7.1, the edge boundary conditions and the nonhomogeneous
parameter are two important factors that aﬀect stress and electric displacement intensity factors. As
the crack approaches the traction-free/electrically opened edge surface, the normalized factors ka will
gradually decrease if the material property gradient of FGPM are strong enough, say b h = 3.75 or2 4 6 8
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Fig. 4. Variations of normalized intensity factors with h/c (c = 1 cm, a0 = 2/3 cm). (a) Case 1, (b) Case 2 and (c) Case 3.
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consider the curves of kb with bh = 7.5 in Fig. 3(a) and (b), they still increase as the crack approaches
the clamed/electrically closed edge surface. These opposite tendencies are due to that the eﬀect of the
nonhomogeneous parameter is stronger than the edge conditions. For a small crack (larger ratio of c/
a0), the normalized factor approaches to a nearly ﬁxed value depending only the nonhomogeneous
parameter bh and the edge eﬀect may also be neglected.7.3. Edge eﬀects
In Section 7.1, we have seen the edge eﬀects as the crack moved from left to right. Here we consider the
edge eﬀect by another way. Under the conditions a0 = 2/3 cm and c = 1 cm, the distance between crack tip
b and right edge surface is varied by changing the width of the strip. Fig. 4 plot the results of normalized
intensity factors varied with the normalized length h/c. It shows that the factors are signiﬁcantly inﬂuenced
only within the smaller ratio of h/c (i.e., due to the boundary eﬀects). Beyond this range the factors are al-
most constant for a given ba0 Again, traction-free/electrically opened boundary condition will raise the
intensity factors and the opposite is true for clamped/electrically closed. The factor ka is slightly aﬀected
by the conditions of right boundary edge surface.
7.4. A crack in a functionally graded piezoelectric medium
Finally we discuss the special reduced case in which both boundary edges of the strip move to inﬁnity.
The problem reduces to an inﬁnite functionally graded piezoelectric medium containing a crack. Fig. 5
shows the variations of normalized intensity factors with nonhomogeneous parameter ba0 when a0 =
2/3 cm. Erdogan (1985) had solved the same problem but for pure nonhomogeneous elastic material.
The curves for ba0 < 0 are numerically the same as Fig. 2 of Erdogan (1985).-1 -0.5 0 0.5 1
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Fig. 5. Variations of normalized intensity factors with ba0 for a crack in an inﬁnite medium (a0 = 2/3 cm).
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The fracture behavior of an impermeable/permeable eccentric crack within a functionally graded piezo-
electric strip has been studied. Under the antiplane shear and in plane electric displacement, the problem
can be reduced to a set of singular integral equations. The stress and electric displacement intensity factors
are obtained by using Gauss–Chebyshev polynomials. The roles of the boundary conditions, geometric
conﬁgurations and the nonhomogeneous parameters b have been discussed in detail to show their eﬀects
on the intensity factors. For impermeable crack case, both the stress and electric displacement intensity fac-
tors depend on the applied mechanical and electric loads. However, the factors for the permeable crack de-
pend only on the mechanical loads. The higher intensity factors occur at the crack tips near to the traction-
free/electrically opened edge as expected. Also as in the nonhomogeneous elastic material, it is found that
higher intensity factors occurs at those crack tips with stiﬀer material properties. If the material properties
of gradient of FGPM are strong enough, it may further exceed the eﬀect of the edge boundary condition
and thus cause opposite trends on the intensity factors.Appendix A
The functions Ri(a) (i = 1,2, . . . , 12) in Eqs. (8), (21) and (27) are as follows:R1ðaÞ ¼ 1
2p
Z 1
1
a
a2 þ q2 þ ibq
 
A1ðqÞ
	 

dq ðA:1Þ
R2ðaÞ ¼ 1
2p
Z 1
1
a
a2 þ q2 þ ibq
 
e0
e0
A1ðqÞ þ B1ðqÞ
 	 

dq ðA:2Þ
R3ðaÞ ¼ R7ðaÞ ¼ 1
2p
Z 1
1
a
a2 þ q2 þ ibq
 
A1ðqÞeiqh
	 

dq ðA:3Þ
R4ðaÞ ¼ R8ðaÞ ¼ 1
2p
Z 1
1
a
a2 þ q2 þ ibq
 
e0
e0
A1ðqÞ þ B1ðqÞ
 
eiqh
	 

dq ðA:4Þ
R5ðaÞ ¼ R9ðaÞ ¼ 1
2p
Z 1
1
a
a2 þ q2 þ ibq
 
ðiqÞ c0 þ e
2
0
e0
 
A1ðqÞ þ e0B1ðqÞ
 	 

dq ðA:5Þ
R6ðaÞ ¼ R10ðaÞ ¼ 1
2p
Z 1
1
a
a2 þ q2 þ ibq
 
ðiqÞðe0ÞB1ðqÞ
	 

dq ðA:6Þ
R11ðaÞ ¼ 1
2p
Z 1
1
a
a2 þ q2 þ ibq
 
ðiqÞ c0 þ e
2
0
e0
 
A1ðqÞ þ e0B1ðqÞ
 
eiqh
	 

dq ðA:7Þ
R12ðaÞ ¼ 1
2p
Z 1
1
a
a2 þ q2 þ ibq
 
ðiqÞðe0ÞB1ðqÞeiqh
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